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In the case of this example it is easy to show that the (x, y) discontinuity 
cannot be greater than or equal to k (where h is some definite positive number) 
at every point of the set. From theorem 1 of section 7 it follows that if a func- 
tion of x and y has an (x, y) discontinuity greater than or equal to k at a set of 
points that is everywhere dense, then it must have such an (x, y) discontinuity 
also at the limiting points of the set. The function f{x, y, 0) of the example is 
a function that has an (x, y) discontinuity at a set of points that is everywhere 
dense. Hence if this discontinuity were greater than or equal to h at every 
point of the set, f(x } y, 0) would have an (x, y) discontinuity greater than Or 
equal to h at every point of the region which is impossible. 

We now wish to see if the function f (x, y, z ) can be discontinuous in {x, y) 
together at every point of the region. It can be proved that this cannot be the 
case, but before doing so we need a lemma concerning a function of two 
variables. 

Lemma.* — If the function f {x, y) is discontinuous in (x, y) together at every 
point (x, «/) of a region, then there always exists a sub-region within which the 
(x, y) discontinuity is greater than a sufficiently small quantity i>0 at every 
point. 

In order to prove this lemma we must show that the points at which 

lim h < a, where cr > 0, cannot be everywhere dense in any sub-region, where 
p=0 

h represents the oscillation of the function within any circle of radius p. Suppose 

that these points are everywhere dense in some sub-region. Now choose a set 

of positive quantities 

where lim o n — 0. Since we have assumed that the points at which 

n = co 

lim &<Ccrare everywhere dense in every sub-region, we can within any sub- 
p = 

region find a circle R of radius r >0 about some point (x V) y ) such that at every 

point within this circle the oscillation k of the function is less than o^ . Hence 

there exists a circle JRj. of radius r x greater than zero and center at {x x , y t ) and 

lying wholly within the circle R , such that at every point within this circle R : 

the oscillation 1e is less than a % . In a like manner we can determine a circle R z 

*8ee E. J. Townsend: Uebfcr den Begriff und die Anwendung des DoppellimeB, 1900. 

40 
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of radius r 2 > and center (cc 2 , y 2 ) and lying wholly within the circle R h such 
that the oscillation k is less than c 3 at every point within the circle R 2 . Con- 
tinue this process and we obtain in general a circle R n of radius r n greater than 
zero and center at (x n , «/„) and lying entirely within the circle R n - 1} such that 
the oscillation Je of the function is less than a n at every point within the circle 

R n . Since now r x > r 2 > r 3 > > r n > . . . • , we have lim r n = 0, 

w = oo 

while at the same time the centers of the circles approach a definite limiting point 

i x o, Vo)- -A-t this point therefore we have lim h = 0, where p is the radius of 

p = 

any circle about (ar , y ). Hence the function / (x, y) is continuous in (x, y) 
together at this point, which contradicts the hypothesis. The lemma is there- 
fore true. 

Theorem 8.* — If the function /(a-, y, z) is continuous in (x, y) together and 
in z alone throughout the region 

a<a;</?, a <«/<6, a <a<a WJ 

and if at every point (cc, y) of the region 

aixi(3, a<y<b, (A) 

we have lim f(x, y, z) =f(x, y, z Q ), then f(x f y, z ) cannot be discontinuous 

z = z 

in (x, y) together at every point of the region 

a<x</3, a<2/<6, (B) 

or of any sub-region thereof. 

Suppose that the limiting function f(x, y, z ) could have an {x, y) discon- 
tinuity at every point of region (B). Then there must exist, on z = z , a circle 
of radius r > 0, such that at every point of this circle the {x, y) discontinuity of 
the function is greater than a sufficiently small quantity A ^> 0. This follows 
from the lemma we have just proved. Let (x , y ) be the center of the above 

circle. Since by hypothesis lim f{x, y, z) =/(x, y, z ) at every point of the 

z = z 

region (A) we can choose an arbitrarily small a >> and can then find a z — %, 
such that 

I /(«*>, Vo, «i) — /(aso, y ,z )\<l/2a (1) 

where z < z x < z + O , d Q > 0. 

* Baire gives the corresponding theorem for a function of a single variable. See Annali di Matematica, 
1899. 
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But the function f(x, y, z) is by hypothesis continuous in (x, y) together through- 
out region (B) and for every z for which f(x, y, z) is defined, and hence there 
must exist for the same a a circle of radius r x about (a; , y ) in the plane z = z 1} 
such that for every point within this circle 

I /(*, V, %)-/(*o, 2/o, %)|< 1/2(7 (2) 

where z < z x < z + O . 

Let r x < r so that inequalities (l) and (2) hold for every point (x, y) within this 
circle and we may therefore add these inequalities and thus obtain 

l/(», V, z i) —f( x o, 2/o, to) |< o • (3) 

This holds for every point (x, y) within the circle of radius r x about (sr , y ). 
Since by assumption /(cc, y, z ) is to be discontinuous in {x, y) together at every 
point of region (B), there must exist in the plane z = z within the circle of 
radius r x about (x , y ) at least one point (x ly y t ), such that 

I / (*a, yi, «o) — /(a-o, 2/o, So) I > A • (4) 

But by hypothesis Km f{&\, y 1} z) =/(x 1 , y lf a ) and hence there must exist a 

Z= Zq 

plane z = z 8 , such that for the same a as above 

|/(«i, 2/i, z s) —/(»!, 2/i, z o) I > 1 / 2 a, (5) 

where z o <C z 3 <C z i- 

Since /(ar, ?/, z 2 ) is continuous in (a?, y) together throughout region (B), there 
must exist for the same a in the plane z = z 2 a circle of radius r 2 about (x 1} y x ), 
lying entirely within the circle of radius r lf such that for every point (x, y) with- 
in this circle 

I/O*, 2/, **)—f{p» 2/i, *»)l< 1/2(7 (6) 

where z <C a 2 <C 2 i • 

Let r a < r 2 , so that inequalities (5) and (6) hold for every point (a;, y) within the 
circle of radius r 8 ; We may therefore add these inequalities and thus obtain 

I / (*, y,*z) — f (*i, 2/i, 2o) |< c (7) 

for every point (x, y) within the circle of radius r 3 . We have moreover assumed 
that / (x, y, z ) is discontinuous in {x, y) together at every point of region (B) 
and hence there must exist in the plane a= z at least one point (x % , y g ) within 
the circle of radius r 8 about (x h y t ) for which 

|/(a%, 2/3, — f{x h y u z ) \ > A . (8) 
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We can continue this reasoning indefinitely and have, in general, that there 
exists a circle of radius r„ about (x n _ 1 ,y n _ 1 ) and lying wholly within each of the 
preceding circles and that there also exists a corresponding plane z = z n , where 
z i !> z -z ^ % !> • • • • > z n > • • • • > z oj such that for every point (x, y) within this 
circle the following two inequalities hold 

I/O*, V, *n)— f(®n-l,!/n-l, *o)\<<* (9) 

\f(n n -i,y n -i, z )—/(x n _ s ,y n _ 9 ,z Q )\>A. (10) 

Now as n increases indefinitely, the radius r n decreases indefinitely and 
approaches zero as limit. The centers (x n , y„) of the circles must at the same 
time approach a definite fixed limiting point (x, y). We thus obtain the follow- 
ing inequalities 

l/fao, yo, %) — f(*,y, «i)|<<y (from 3) 

|/(*> &> z %) —f( x i> Vi> z o) \< a ( fr o m 7 ) 

I /fa, yu 2 ) — /(«b, y , *o) I > a . 

If now we choose 0< <7< 1/4 A and combine these three inequalities we obtain 

\f{x,y,z z )-f(x,y,z l )\>l/2A. 
In a similar manner we obtain the following inequalities 

l/(*> y> z s)—f& y, z %)\> !/2^ 



l/0», & *n)—f{*,y, 3»-l) I > 1/2-4. 

But the sj's are dense at s = z and hence we obtain from the last inequality 
lim [/(£, y, 2„) — /(x, y, z„_i)]> 1/24^0. 

and hence the limit lim f{&, y, %) does not exist at the point (x, y). The 

z = z 

assumption that /(a;, y, z ) has an (x, ^discontinuity at every point of region 
(B) is therefore false and the theorem is true. 

BemarJc 1.— In the above theorem we assumed that lim f{x, y, z) = 

Z = Zo 

f(x, y, z ) for every point of region (A), but we were only able to prove that the 
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limiting function /(as, y, z ) is not discontinuous in (x, y) together at every 
point of region (B). As a matter of fact, f(x, y, 2 ) may have an (x, y) 
discontinuity at every point of the boundaries of region (A). We show this by 
means of the following example. 

Example 2. Let fix, y, z) = )_, , — -. \m„ - , 

where < a; < 10, 0<y<l6, 0<z<l0, and lim f{x, y, z) =/(«, y, 0). 

z = 

The value of the limit lim. f(x, y, z) is evidently zero for all values of x 

z — Q 

and y which make xy integral, for in this case sin nxy = 0. But if we let 

2n<^xy<i 2n + 1> where n is some integer, then for all such points we have 

< sin nxy <C 1. Hence for all such values of x and y 

(l+sinTtxy) 1 ^— 1 _ 1 ~ ( l + sin -nxyf" _ 

^od + sin^r+i- 1 ;-, i -- + i> 

T (l+sin 7txy) 1/e 

On the other hand if we let 2n + 1 < aj# < 2n + 2, where n is a positive 
integer, then we obtain 

(l + Binnsy) 1 "— 1 _ 0-1 _ 

a = (1 + Sin ^^^ + ! ~ ° + ! ~ 

But when either x or y is equal to zero, then f(x, y, 0) = along the whole 
X-axis and the whole I^axis. Hence f(x, y, 0) is discontinuous in (x, y) 
together at every point of these lines. 

Remark 2 — In theorem 7 we showed that, for the example there given, 
the (x, y) discontinuity could not be greater than or equal to h at every point. 
We are now in a position to prove in general that, if the function f(x, y, z) 
satisfies the conditions of theorem 7, then the limiting function /(cc, y, z ) cannot 
have an (x, y) discontinuity greater than or equal to k at a set of points that is 
everywhere dense, For if this were possible, then it follows from theorem 1 of 
section 7 that the function f(x, y, z ) has an (x, y) discontinuity greater than or 
equal to k also at the limiting points, that is to say it would have such an (x, y) 
discontinuity at every point of the region. This is however impossible by 
theorem 8 just proved. 



312 Coar: Functions of Three Real Independent Variables. 

Theorem 9. — If the function /(a™, y, z) is continuous in x alone and in (y, z) 
together throughout the region 

a < * < P, y<s<y<y m , z < z < z n , 

and if for every point of the interval a<x<(3, lim f(&,y,z)—f(x, yo> z<>), 

y — yo 

z = z 
then f(x, y , z ) cannot be discontinuous in x alone at every point of the interval 
a<C £< (2. 

The proof of this theorem is strictly analogous to that of theorem 8. We 
replace the circles by intervals about x on lines parallel to the .X-axis, in a 
manner similar to that employed in theorem 6. 

Theorem 10. — If the function / (a-, y, z) is continuous in (x, y) together and 
in z alone throughout the region 

a<x</?, a<y<6, z OO„, 

and if at every point (x, y) of the region 

<x<xf/3, a<y<b, (A) 

lim f(x, y, z)=/(x, y, z ), then the function f(x, y, z ) must be continuous 

Z = Zq 

in (x, y) together at a set of points that is at least dense everywhere in the region 

a<a;<0, a<2/<5. (B) 

Suppose that this is not so. Then there must exist in the plane z = zq some 

circle B of radius r greater than zero and lying entirely within region (B), such 

that within this circle there is no point for which lim h = 0, where p is the 

p=0 

radius of any variable circle about the point and k is the oscillation of the func- 
tion within this circle. Within the circle B therefore lim k 4= for every 

p=0 

point. Hence every point (x, y) within the circle i2 is a point at which 
f{x, y, z ) has an (as, y) discontinuity. This however contradicts theorem 8, and 
hence the theorem is true. 

This theorem may be extended in a manner similar to that employed in the 
extension of theorem 5 of section 7. We thus obtain the following corollary. 
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Corollary. — If the function / (cc, y, z) satisfies the conditions of theorem 10, 
then the points at which /(cc, y, z ) is continuous in (cc, y) together form a set of 
the second category, and hence a non-enumerable set. 

Theorem 11. — If the function /(cc, y, z) is continuous in cc alone and in (y, z) 
together throughout the region 

a<cc</3, Vo<y<y m , Zo<3<2», 
and if lim /(a;, y, z)=/(cc, y , z ) for every point of the interval a<x<(3, 

y = yo 

z = z 
then /(as, y 0) z ) is continuous in x alone at a set of points that is at least every- 
where dense in the interval a < x < (3 . Moreover this set belongs to the second 
category and is non-enumerable. 

Suppose that this is not true. Then there must exist on the X-axis some 
interval greater than zero and lying wholly within the interval a <[ x < /2, such 
that within this- interval there is no point x for which the limit of the oscillation 
of the function f(x, y , z ) is zero. Within this interval therefore the function 
/(cc, y 0) z ) has an x discontinuity at every point. But this contradicts theorem 
9, and hence our theorem is true as regards the first part. 

The second part of the theorem is proved in exactly the same manner as 
was the corollary of the preceding theorem. 



CHAPTER III. 

Series of Functions of Two Real Variables. 

10. Properties of Series of Functions of Two Real Variables. — Suppose that 
we have given 

#» (», y) = ™i {x, y) + u 2 (x, y) + u 3 (x, y) + + u n (x, y), 

where each u is finite and a continuous function of (cc, y) together throughout a 

certain region 

a=x<(3, a = y = b } 

for every value of n (n = 1, 2, 3, . . . . ). Since each u is finite and continuous in 
(cc, y) together and since n is also finite, it follows that S n (cc, y) must be finite 
and continuous in (cc, y) together throughout the given region. If then for every 
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constant value of x and y of the region, lim S n (x, y) = S (or, y), then S{x, y) 

n = co 

represents a function of {x, y) throughout the given region, and the question now 
arises as to the properties of this limiting function S (x, y). 

If we wish, we may consider S n (x, y) also as a function of the three vari- 
ables x, y, and n. This enables us to apply the results of the preceding chapters 
to the present problem. In order to do so, we define x and y as above, namely 

as any values of 

alxlift, a = y = b. 

In order to define z we put z — 1/n, so that the z of the preceding chapters 
takes on the values z = 1, 1/2, 1 / 3, .... , 1/n. ... , which is a set of values dense 
at z = 0. We then have 

#(«, V) = lim s n (x, y) = lim f{x, y, z), 
n = oo z = 

where f{x, y, z) — S n (x 7 y) for every point (x, y) of the given region. It follows 
from this that everything which was shown to be true for the limiting function 
f(x, y, z ) in the case of a function of three variables must also hold for the 
series as defined above. The" converse of this is, however, not true, for if we 
have proved a theorem about an infinite series, it does not follow necessarily that 
an analogous theorem exists for a function of three variables. The reason for 
this is to be found in the fact that, in the case of a function of three variables, z 
is defined for all positive values, while in the case of the series it is defined only 
for a set of values dense at z = 0. It may therefore happen that a theorem 
holds for a set of values dense at z = z' 0) where z < z < z + B , while the theorem 
will not hold for all values z of the interval z < zl z + $o- 

From what has been said follows that to the three different kinds of uniform 
convergence off(x, y, z) to its limiting function, as they were defined in the last 
chapter, there correspond three different kinds of uniform convergence of S n (x, y) 
to S(x, y). These are as follows : 

(1) If SJx, y) — u x (x, y) + ih(x, y) + u 8 (x, y) + + u n (x, y) is, for 

every finite value of n, finite and continuous in (a;, y) together throughout the 

region 

a<xtp, a<y<b, (A) 

and if for every point (x, y) of this region lim S n (x, y) = S(x, y), then S n (x, y) 

n = co 
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converges uniformly to S(x, y) throughout region (A), if having chosen an arbi- 
trarily small a >• 0, we can then find a positive integer m, such that 

| R n (x, y) | = | S n {x, y) — S{x, y) \ <a, 

when n > m and for all points (x, y) of region (A). 

(2) If S n (x, y) and S{x, y) are defined as in (1), then S n (x, y) converges 
"einfach gleichmassig"- throughout region (A) to S{x, y), if having chosen an 
arbitrarily small a > we can then find a positive integer tn f such that 

| R n {x, y)\ = \ S n {x, y) - S(x, y) | <<r, 

for some set of integral values n greater than m } which however increase with- 
out limit. In this case the n's do not assume all integral values. 

(3.) If /SJx, y) and S(x, y) are defined as in (1), then S n (x, y) converges 
uniformly by areas to S(x, y) throughout the region (A), if having chosen an 
arbitrarily small a > 0, there then exists a plane z= 1/n and between this plane 
z= l/n and the plane 2 = a finite number of planes, and on each of these a 
finite number of rectangles, having their sides parallel to the coordinate axes, 
such that their projections on the plane z = completely fill the region (A) and 
that for every point (x, y) of these rectangles 

| R n (x, y)\ = \ S n (x, y) - S(x, y)\<a. 

We will now give the theorems that deal with the properties of a series of 
functions of two real variables. Unless something is said to the contrary, we 
shall in every case make the following assumptions about the series : 

(1) S n (x, y) = u^x, y) + u ti {x, y) + u^x, y) + + u n (x, y), 

aix<(3, alytb, (A) 

where u^x, y), (i= 1, 2, 3, . . . ., n) is continuous in (x, y) together throughout 
region (A) ; 

(2)/ lim S n (x, y) = S{x, y) } for every constant £air of values (jc, y) of 

n = oo 

region (A). 

From theorem 1 of section 8 we have immediately 

Theorem 1. — The necessary and sufficient condition that S n {x, y) shall con- 
verge uniformly to S{x, y) throughout the region 

a<x±(3, a<y<b, (A) 

is that at every point (a* , y ) of this region, boundaries included, the simultaneous 
41 
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limit lim S n (x, y) exists and equals S(x , y ). 
x — x 

y = y<> 

n = oo 
Example 1. 

Let S n (x, y) =-^r + \ T ^ r r Trl + • • • • 

[~ nxy (n — 1 )xy ~j nxy 

~*~ \_n 3 xy + 1 (w — 1) 2 £C2/ + lj n*xy + 1 

where < a; < 1, < y < 1. 

In this case the simultaneous limit lim iS n (x, y) exists and equals zero at 

X ^^ 3/0 

y = yo 

n = oo 
every point (as, ?/) of the region, and hence S n (x, y) converges uniformly to S(x, y) 
throughout the region. 

Example 2. 

T . o / \ xy P 4xy xy 1 

J^et A n (aj, 2/} — ^ + ^ + j + L8a^+82/ 3 +l — x* + y» + 1 J + * ' * ' 

T w a a3y _ (n — l)*a ;y "1 

+ [n*a? + »y+l~(« — l) 3 a; 3 + (rc — 1)V + lj 

n*xy 

W 3 £C 3 -f- W 2 ?/ 3 + 1 

where 0<jc<1, 0<*/<l. 

Here the simultaneous limit lim S n (x, y) does not exist for x = y = and 

a; = a>o 

y = 2/0 

W = 00 

hence $,(#, #) does not converge uniformly to S{x, y). 
From theorem 1 of section 9 follows : 

Theorem 2. — If S n {x, y) converges uniformly to S(x, y) throughout the 

region 

a = o?</!?, a = y = b, 

then S(x, y) is continuous in (x, y) together throughout the given region. 
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This condition is only a sufficient condition for the continuity of S(x, y) in 
(x, y) together. Thus in example 2 the function S(x, y) is continuous in (x, y) 
together throughout the region given, but S n (x, y) does not converge uniformly 
to S{x, y). 

The necessary and sufficient condition for the continuity of S(x, y) in (a, y) 
together at some fixed point (x , y ) of the region follows from theorem 3 of 
section 9. It may be stated as follows : 

Theorem 3. — The necessary and sufficient condition that the function iS(x, y) 
is continuous in (x, y) together at a fixed point (a?„, y ) of the given region, is 
that having chosen an arbitrarily small c > and having some set of positive 
integers m lf m 2) m 8 , . . . . , m k , . . . . , which increase indefinitely, there shall then 
exist about (x , y ) corresponding to each m k a circle of radius r k > (which may 
vary with rn k ), such that for all points (x, y) within this circle 

\S mk (x } y)-S{x,y)\<a. 

From theorem 5 of section 9 we obtain the necessary and sufficient condi- 
tion that S{x, y) is continuous in (x, y) together throughout the given region. 
The condition may be stated as follows : 

Theorem 4. — The necessary and sufficient condition that 8(x, y) is con- 
tinuous in (a;, y) together at every point (x, y) of the region 

a<x<@, a<y±b. (A) 

is that for every arbitrarily small a >• there shall exist a plane z = l/n and 
between this plane and the plane z = Oa finite set of planes parallel to the X Y- 
plane, each of these to contain a finite set of rectangles whose sides are parallel 
to the coordinate axes and whose projections on the plane 2=0 completely fill 
the region (A), such that for every point {x, y) of these rectangles 

\S n {x,y)-S{x,y)\<a. 

Theorem 5. — If the sum of the maximum values of the terms of a series 
S n (as, y) converges absolutely within a given region, then the series converges 
also uniformly. 

The following conditions are given : 

(1) S n (x, y) = u x (x, y) + u g (x, y) + u^ (x, y) + + u n (x, y) 

a<x<(3, a<y<b. (A) 
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Here as elsewhere we confine ourselves to the case where v^ (sc, y) is con- 
tinuous in (x, y) together ; 

(2) lim S n (x, y) = S(x, y) for every pair of values (as, y) of region (A) ; 
n = oo 

(3) \u ( (x, y)\ = M i} where M ( is positive and finite, and this is to hold for 
every (x, y) of region (A) ; 

oo 

(4) ^ Mi converges. 

i = l 

We are to show that under these conditions S n (x, y) converges uniformly 
throughout region (A). 

oo 

Since ^T M t is convergent, we can choose an arbitrarily small e > and 
i=i 

can then find an m, such that 

(M M+1 + M m+Z +....+ M m+P ) <e, p = 1, 2, 3, 

Hence for rn sufficiently large 

l w »+i (*, y) + ««+8K y) + — + «m+pO», y)l<«, i»=i, a, — 

for every point (cc, y) of region (A). We therefore have at every point of this 

region 

\Q — S n (x, y) | < e, where n > rn, 

and hence the simultaneous limit lim S„ (x, y) exists at every point of region 

x = x 

W= oo 

(A), boundaries included. 

From 4 of the hypothesis follows that /S n (x, y) also converges and hence 
by virtue of theorem 3 of section 2 

lim S n (x f y) = lim lim S„ (x, y) . 
x = x n= x> x = x 

y = yo y=yo 

n== oo 
But S n (x, y) is continuous in (a;, y) together and hence 

lim lim tf n (a;, y) = lim S n (x, y) = S(x , y ) 
n = oocc=a; n=oo 

y = yo 

at every point (xq, y ) of region (A). The simultaneous limit therefore not only 
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exists, but it also equals the value of the function at the point, and hence the 
series converges uniformly by theorem 1 of this section. 

In theorem 3 we have given the necessary and sufficient condition that the 
limiting function /S(x, y) is continuous in (cc, y) together. The question now 
presents itself as to whether the limiting function may be discontinuous and, if 
it is discontinuous, how often it may be discontinuous. We obtain an answer to 
this question from theorem 7 of section 9. It is as follows : 

Theorem 6. — If S n {x, y) and S{x, y) are defined as in theorem 1, then the 
limiting function S (cc, y) may be discontinuous in (cc, y) together at a set of 
points that is everywhere dense in the given region, but in this case the (cc, y) 
discontinuities cannot all be greater than or equal to some finite positive 
number k . 

The proof follows immediately from the example under theorem 7 of 
section 9. If in this we let z = ljn, then the example becomes 

S n (cc, y) = 2 1/* ! [( cos * ! «*)"" + (cos & ! nyf n ~\ , 

0<cc<l, 0<y<l. 
From theorem 8 of section 9 we obtain 

Theorem 7. — If S n {x, y) and S{x, y) are defined as before, then the limiting 
function S{x, y) cannot be discontinuous in (cc, y) together at every point of the 
region a < cc< ($ , a<Cy<C.b. 

From theorem 10 of section 9 we have 

Theorem 8. — If fi n (cc, y) and S{x, y) are defined as before, then S{x,y) 
must be continuous in (cc, y) together at a set of points that is at least every- 
where dense in the region a<cc<^/3, a<Ly<^b. Moreover this set of points 
is a set of the second category and hence is non-enumerable. 

11. The Integration of Series Term by Term. 

In this section we shall consider the following question. Suppose we know: 

(1) that S n (cc, y) = wj (cc, y) + u z (cc, y) + u 3 {x, y) + + u n (cc, y), and 

that the simultaneous integral / / u k (cc, y) dxdy exists for every finite value 

%} a ft/a 

of h. Then the simultaneous integral j J S k (cc, y) dxdy also exists for every 

finite value of k, where our region is defined as 

a<x±t3, a<y<b. (A) 
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(2) We have also lim 8 n (x, y) = S (x, y) for every constant pair of 

n = co 

values (x, y) of region (A). 

This being the case the question arises under what conditions will the 
integral of S(x, y) exist over the region, and if it exists, under what conditions 
will it equal the term by term integral? This is to say, under what conditions 
do we have 

ja Ja Hm S » ( X > y) dxd y — Hm £ fa S » ( X > V) ^^ ? 

n = oo n = oo 

Before answering these questions, let us first explain what we mean by the 
simultaneous integral. In dealing with a function of two variables we meet 
with two kinds of integrals, the twice-taken or double integral and the simul- 
taneous integral. 

The twice-taken or double integral is defined as the result of integrating the 
function f{x, y) first with respect to one of the variables, say x, between the given 
limits (a, (3), and then integrating the resulting function with respect to y be- 
tween the limits (a, b). This gives us the integral which is denoted by 

Xb pp 

dy I f(x, y) dx. The integral in question is equivalent to a double limit. 

pp pb 

The simultaneous integral / I / (x, y) dxdy may be defined as follows: 

Divide the region into a set of rectangles by means of lines parallel to the X and Y 
axes. Then multiply the area of each rectangle by the value of the function at 
some point of the corresponding rectangle, and add the results. We then have 

2. = (x — a) (y —a)f(x , y ) + (a* — x ) (y — a)/(x 1} y ) + 

+ (x { — »<_!) (y k — y k -x)f(x i} y k )+ — + (^ — sbi_i) (6— y*-i)/(*j,y») 

where f(x if y k ) represents the value of the function at some point of the corres- 
ponding rectangle. Now take the limit of this sum as I and m increase indefinitely, 
while at the same time the dimensions of the rectangles decrease indefinitely. 
We then define the simultaneous integral as the limit thus obtained. The 
simultaneous integral is therefore equivalent to a simultaneous limit. 

In the following pages we shall consider simultaneous integrals as thus 
defined. We must now answer the following question. If the simultaneous 

integral / / jS n (x, y) dxdy exists, what is the necessary and sufficient condition 
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that the simultaneous integral J J S (x, y) dxdy shall also exist ? This con- 
dition is given in the following theorem. 

n 

Theorem 1* — If (l) S n (x, y) = ^?u k (x, y), for all values x and y of the 

region 

a±x<p, a±y<o; (A) 

(2) lim S n {x, y) = S (x, y) for every constant pair of values (x, y) of 

n = oo 

region (A), where both S n (se, y) and S{x, y) are finite; 

/T/3 pb 

(3) the simultaneous integral / / #„(«;, y) dxdy exists for every constant 

value of n; 

then the necessary and sufficient condition that the simultaneous integral 

pp pb 
J J S (x, y) dxdy shall exist is that, having chosen an arbitrarily small s > 

and a > 0, independent of each other, and having also chosen an n = m 1 we can 
then always find an m 2 > m lf such that for all values (a;, y) of region (A), except- 
ing at most for those contained within a set of rectangles finite in number and of 
total area less than e, and for some number m which may vary with (x, y) but 
where always m 1 < m < n\ % , we have 

\B m {x, y)\ = \S(x, y) — S m (x, y)\<a . 

This condition may be expressed otherwise as follows: Choose as coordinate 
axes the axes X t Y, and 1 fn and choose e and a as above. We must then be 
able to find a plane l/n = m s and between this plane and the plane ljn = a 
finite number of planes, 1/n = m x , m Z) rn s , . . . ., m p) such that after having cut 
out from these within the given region a finite number of rectangles of total 
area less than e, these rectangles to have their sides parallel to the coordinate 
axes X and Y, the function SJx, y) shall converge uniformly by areas to #(«;, y) 
throughout the rest of the region (A). It follows at once from theorem 4 of 
section 1 that S(x } y) must be continuous in (x, y) together throughout the rest 
of the region. If the above conditions are fulfilled, then we say with Arzela that 
# n (cc, y) "converges uniformly by areas in general" to S(x, y). 

The condition of the theorem is necessary. We suppose then that the 

*See Arzela, "Sulle serie di funzioni". R. Accademia dell 'Instituto di Bologna, 1900. 
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simultaneous integral / / S(x } y) dxdy exists over the region. The set of points 

at which S(x, y) has an (x, y) discontinuity greater than or equal to a, can there- 
fore be at most a discrete set, that is to say, these points must be such that they 
can be enclosed in a set of rectangles finite in number and of total area less 
than e. Let us denote this set by ^ 0) , t'Jp, tf\ . . . . , ^ 0) . Since now the simul- 

taneous integral / / S n (x, y) dxdy also exists on each of the planes 1 jn = 

2 , .... the points at which S m (x, y), (k = 1, 2, 3, . . . . ), has an (xy) dis- 



m lf rn 



continuity greater than or equal to a can form at most a discrete set, and hence 



• i 







% 




1/b = m t 



1/n = m t 



'X 



Fia. 13. 



on each of the planes 1/n = m x , rn 2 > m z, • • • •> this set of points can be enclosed 
in a finite set of rectangles of total area less than e. Denote this set of rectangles 
by t[ k \ tf\ 4*>, . . . . , tf\ for any plane 1/n = m mfc . Now let ABCD be one of the 
rectangles t {1) in the plane l/n= w^ and let its projection on the plane 1/n = 
be A'B'C'D 1 . See figure 13. 

We can now assert that if A'B'C'D' does not contain any of the rectangles t m 
or a part of such a rectangle, then as we pass from l/n = m 1 to l/n = m 3 , to 
l/n= m 3 , etc., we shall ultimately reach a plane 1/w = «j^, such that the pro- 
jections of ABCD on l/n = m k and on all planes between this and the plane 
l/n=0 } do not contain a rectangle t {k) or a part of such a rectangle. In other 
words, we can find a number 1/n = m k such that for this and all values between 
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this and 1/n = the function S k {sc, y) is continuous in (as, y) together throughout 
the corresponding rectangle. Suppose namely that this is mot the case. Then 
as we pass through the values 1/w = m 1} wa 2 , m 8 , . . . ., we always have a rec- 
tangle in every plane or at least in a set of planes dense at 1/n = 0, such that 
this rectangle lies within the projection of ABOD on the plane in question and 
furthermore such that within this rectangle the function iS n (x., y) has (x, y) dis- 
continuities greater than or equal to a. Let us denote the set of rectangles we 
thus obtain by Ti, T % , T 3 , . . . . , T k , . . . . Two cases may now arise : either T k 
has a lower limit T greater than zero or it has the lower limit zero as k increases 
indefinitely. 

In the first case let T= EFGH (see figure 13). Then no matter how large 
we take Tc, we always have in the plane 1/w = JW& a rectangle E'F'G'H 1 , cor- 
responding to EFGH, such that within this rectangle the function S n {x, y) has 
(x, y) discontinuities greater than or equal to a. Let (a* , y ) be a point of this 
rectangle at which the (x, y) discontinuity is greater than or equal to a. Then 
we have for all values of n and for some point (x, y) of this rectangle 

I SJL«, V) — SJ&t, Sfo) I > <* • ( 1 ) 

Since by hypothesis lim S n (x, y) = 8{x, y), we have also 

\S(x,y)—S n {x,y)\<ll±o; n>m k . (2) 

Furthermore since JS(x, y) is continuous in (x, y) together throughout the rec- 
tangle EFGH, we have 

I S{x„ y<>) — S(x, y) |< 1 / 4 a . (3) 

Combining these three inequalities we obtain 

I #»(*o, y ) — S(x , y ) | > 1/4 a ; n> <m k . (4) 

Inequality 4 however contradicts the hypothesis that lim S^x, y) — ${x, y) 

.74 = CO 

for every pair of values (x, y) of region (A), and hence the assumption we made 
is false. It therefore follows that, if we have in each of a set of planes dense at 
l/n= a rectangle of lower limit T=f= 0, within which the function S n (x, y) has 
an (x, y) discontinuity greater than or equal to 0, then the function S(.x, y) has 
sueh an (x, y) discontinuity within the rectangle Tin. the plane l/«=. 0. 

Suppose in the second place that the limit of T is zero. We have then in 
the plane l/n = wi g a rectangle T, within which any (x, y) discontinuity of 
42 
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jS n (x, y) is greater than or equal to a. Furthermore as s increases indefinitely 
the area of this rectangle approaches zero. Let this occur at the point (x' } y') 
and let (x", y") be any other point of the rectangle T s . If now we drop a per- 
pendicular from (x", y") to the plane l/w = 0, then one of two things will 
happen ; either there exists a plane 1/n = m k} such that the perpendicular does 
not meet a rectangle t (i) in any plane l/n = rn i between 1/n = <m k and 1/n = 0, 
or no matter what plane l/n = m k we choose, the perpendicular will always meet 
a rectangle t {k \ We must now show that in the latter case the perpendicular 
also meets one of the rectangles £ (0) in the plane l/n = 0. We assume that the 
perpendicular meets a rectangle t m in every plane l/n = m k . Then for every 

point of this rectangle 

\S mk {x,y)-S mh {x",y")\>a. (1) 

Since moreover lim SJx, y) = S(x, y) for every point of region (A), it follows 
that n= co 

\S{x, y)-S mk {x, y)\<l/Aa (2) 

for every rn k greater than some m'. Likewise 

\S mk (xf',y")-S(x",y")\<l/4a (3) 

for every m k greater than some rn". Let rn" y> m'; then for every m k greater 
than rn", (1), (2), and (3), may be added and hence 

\S{x } y)-S{x»,y»)\>l/Ao (4) 

for every {x, y) of some rectangle about (x", y") in the plane l/n= 0. Hence 
S(x, y) is discontinuous in (x, y) together at (x" f y") and the perpendicular from 
(x", y") therefore must meet one of the rectangles £ (0) in the plane 1/n = 0. In 
a like manner we can prove that the perpendicular from (x' } y') meets one of the 
rectangles t m in the plane 1/n = 0. 

We are now ready to complete the proof of the original theorem. In order 
to do so, let us cut out from the plane 1/n = all the rectangles t {0 \ that contain 
the points at which S(x, y) has an (x, y) discontinuity greater than or equal to a. 
As has been shown, this set of rectangles is finite in number and of total area 
less than s. Lines through the vertices of these rectangles parallel to the 
X and T axes divide the remaining part of region (A) into a finite number of 
rectangles. Number these 1, 2, 3, . . . ., q. Now consider rectangle number 1. 
From what has been proved it follows that there must exist a plane l/w= m k 
such that for this plane and for all planes between this and the plane 1/n = 
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the function S n (x, y) is continuous in (x, y) together throughout the rectangle in 
question. Hence by theorem 4 of section 10 the function S n {x, y) converges 
uniformly by areas to S(x, y) throughout this rectangle. In a like manner we 
prove that the function S n (x, y) converges uniformly by areas to S{x 3 y) 
throughout each of the remaining rectangles 2, 3, . . . . , q. We have thus shown 
that, after we have cut out from region (A) a finite number of rectangles of total 
area less than c, the function S n {x, y) converges uniformly by areas to S(x, y) 
throughout the rest of region (A). This proves that the condition of the 
theorem is necessary. 

The condition is also sufficient. By hypothesis then S n (x, y) converges 
uniformly by areas to JS(x, y) throughout region (A), excepting at the points of a 
finite number of rectangles of total area less than e. We can therefore choose 
at pleasure a plane l/n = wi 8 and there will then exist between this plane and 
the plane l/w= a finite number of planes having the following properties. 
From these planes, including the plane 1 \n = 0, are cut out a finite number of 
rectangles, t 1} t 2) t a , . . . ., t p , of total area less than e. These rectangles must be 
such that, from some m s on, their projections on the plane 1/w = cannot com- 
pletely fill region (A), otherwise the function S(x, y) would be totally discon- 
tinuous in (x, y) together throughout region (A). In the remaining part of each 
plane there exists a finite number of adjacent rectangles (each of area greater 
than G >0) whose projections on the plane 1/w = completely fill the remain- 
ing part of region (A), such that for every point (x, y) of these rectangles 

\S k (x,y)-S{x,y)\<o. (1) 

Let us denote S k {x, y) for the points of these rectangles by K(x, y). Then the 
following inequality always is true 

\K{x,y)-S(x, y)\<*. (2) 

pp pb 

Moreover the simultaneous integral / / K(x, y) dxdy exists throughout the 

region for which K{x, y) is defined. Now consider the identity 

S{x, y) = K(x, y) + S(x, y) — K(x, y), 

which holds for all points (x, y) for which K{x, y) is defined. In the right 
member of this identity K{x, y) may have an (x } y) discontinuity greater than 
or equal to a only at a discrete set of points. The function [S(x, y) — J£(x, y)~\ 
can have such an (a;, y) discontinuity only at points of the rectangles 

ht ht h) • • • ■ > Ip- 
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It follows from- this that the sum K(x, y) -f- S(x, y) — K(x, y) can have such 
an (x, y) discontinuity only at a discrete set of points. This being the case, it 

is at once evident that the simultaneous integral / / S{ x , y) dxdy exists. 

The theorem just proved holds also in the general case; of a function of three 
variables, the proof being similar to that just given. 

Having, thus obtained the necessary and sufficient condition that the. simul- 

/*|8 f>b 

taneous integral / I S(x, y) dxdy exists, the next problem is the following. 
If the simultaneous integral 

£ f a lhn s * (*> y) dxd & —f a X s ( x > y) dxd y — e fo y) 

exists for every point (x, y) of region (A) and if it is finite and continuous, under 

what conditions will the simultaneous integral lim / / S n (.x, y) dxdy exist 

n = a? 
and equal &"{x, y) ? 

We have here two cases to consider. For every fixed value of n but for a 
variable pair of values (x, y) the function | S n (x, y) | has an upper limit G \> , 
This G is a function of n, if we consider n as variable. Then we have the fol- 
lowing two cases : 

(1) G has an upper finite limit G' a& n increases indefinitely; 

(2) G has no finite upper limit as n increases indefinitely. 

These two cases give rise to different conditions which are stated in the fol- 
lowing theorems. Arzela* has proved the analogous theorems for a series of 
functions of a single variable. The proofs given below are generalizations of 
Arzela's proofs. 

Theorem 2.— If S n (x, y) = u x (x, y) + w 8 (x, y) + u s (x, y) + + u n (x, y) 

where each of the simultaneous integrals /' / u h {x, y)dxdy exists throughout 

the region 

alviP, atytb, (A) 

and if also lim S h (ax, y) = Sfa, y) for every (x,y) of region (A), and if for 
n = oo 

every constant value of n arid for every (x, y) of region (A) we have S n (x,y) < G, 

*Cf. Arzela: "Sulle serie di funzioni"; R. Acoademia dell' Instituto di Bologna, 1900. 
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where Q is finite, then, the necessary and sufficient condition that the simultaneous 

integral / / S(x, y) dxdy shall exist at every point of region (A) and that at 
the same time 

f Ja S (*> ^ dxdy = lim f Ja S * (*> ^ ^^ 

n = <xs 

is that S{x, y) shall converge uniformly by areas in general to S{x, y) through- 
out region (A). 

That the condition is necessary follows immediately from theorem 1 of this 
section. 

The condition is also sufficient. By hypothesis therefore S n (x, y) < G for 

every constant n and for every (x, y) of region (A). Hence, since lim 

n = <» 
S»fa y) — S{x, y) 

\S{x,y)-JS n (x,y)\<2G (1) 

so that S(x } y) also has a finite upper limit. Let us now choose independently 
of each other an arbitrarily small a < and e << 0. Since S n (x, y) converges 
uniformly by areas in general to S {x, y) throughout region (A), we can find 
an s such that the points at which 

\S{x,y) — S i + P {x, y)\>a, (^ = 1,2,3,....) (2) 

form a discrete set, that is they can be enclosed in. a finite number of rectangles 
of total area less than s. Consider now the function \_S{x, y) — >S S+P {x, y)~\. 
This function can evidently have an (x, y) discontinuity greater than or equal 
to l/2c only at points (x, y) for which (2) holds, that is at a discrete set of 
points, and this is true for all values of p. Hence the simultaneous integral 

J J C^« + p ( x > V) — 8 (x, y)~\ dxdy exists. Moreover the value of this integral 
is less than or at most equal, to (x — a) (y — a) a ■+• 26? e . Since by hypothesis 

the simultaneous integrals / I iS b+p (x, y) dxdy si,rid I I S (x, y) dxdy also 
exist for any («, y) of the region, we have 

fjf s s+r (** y) dxd y ^-£f s ( x > y) dxd v = X £ !#+■* (*» y) 

— S^ y)2 dxdy < (x — a) {y — a) a -+- 2^e< /. 

Hence we obtain in the limit lim / / S n (x, y) dxdy = / / 8 (x, y)dxdy 1 

n = <x> 
which was to be proved. 
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Before taking up the case where G has no upper finite limit, we must first 
prove a couple of lemmas. These theorems were first proved by Scheeffer* for a 
function of single variable. 

Lemma 1. — If F(x, y) and/(x, y) are two functions of x and y which are 
continuous in (x, y) together throughout the region 

a<x<{3, a<y<b, (A) 



/Eny 



Fig. 14. 

and if for every point (x, y) of this region two corresponding difference quotients 
are always equal, that is if 

F(x + h, y + fy — F{x, y +k) — F{x+ h, y) + F(x, y) _ 

hk — 

f{x + h,y + k) —f(x, y+k) —f[x + h, y) +f{x, y) 

hk 

these values being finite, then F{x, y) and f(x, y) can differ at most by a con- 
stant quantity. 

In order to prove this, we consider the function 

^ (*, y) = c(x—a)(y-a) + F(x, y) —f{x, y) — [_F{a, a) —/(a, a)], (l) 
Let DF(x, y), Df(x, y), and D^(x,y), be the corresponding difference quotients 
and let c be any positive quantity. Then 4> (», y) can never be negative in the 
region (A). In order to prove this we assume the contrary and suppose that 
ij> (a?, y) can be negative at some point (x, y) of the given region. Let this be 
the point G and consider now the rectangle A (a, a), B (x, a), C(x, y), D (a, y), 
see figure 14. 

*Cf. L. Scheeffer; Acta Mathematica, Vol. 5 (1884), pages 84 and 183. 
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Within this rectangle the points (as', y') at which (x, y) is not negative are 
such that the absolute value of V [x' z + 2/' 2 ] has an upper limit which is finite. 
Suppose that this occurs at the point (a?, y') =-E. Since ^(x, y) is continuous 
at every point of region (A) in (x, y) together, it follows that <b(x', y') = 0. 
But a? < x and y' <C y- Moreover we have for every point of the rectangle 

^(x, y) — ^(a?, y') = 0. 

From this follows that D^{x', y') = 0. On the other hand, Df{x, y) and D4>{x, y) 
are both finite, and hence we have from (1) that Zty(x, y) = c for every point 
(x, y) of region (A). This last statement is surely true for 

D^{x, y) = Dc(x — a) (y — a) + DF(x, y) — Df{x, y) = Dc{x — a )(y — a). 

But Dc(x — a) (y — a) = c. We are thus led to a contradiction, and since this 
holds for every positive value of c, it follows that (x, y) can never be negative. 

Hen ° e F{*, V) -/(*, V) - \F{*, a) -/(a, a)J 

cannot ever be negative. In a like manner we can prove that this difference 
cannot ever be positive and hence it must be zero. This proves the lemma. 
This lemma may be extended as follows : 

Lemma 2. — If the conditions of lemma 1 hold, with the exception that the 
two difference quotients are not equal to each other at an enumerable set of points, 
that is, are not everywhere dense in any sub-region of region (A), then the two 
given functions can differ at most by a constant quantity. 

Let ibea set of exceptional points, and suppose thatX is not everywhere 
dense in any sub-region of region (A). We then have a set D of sub-regions d 
which do not contain any of the exceptional points, and we can thus determine 
a closed set of points G, with respect to which L is everywhere dense. In every 
sub-region d the preceding theorem holds, so that for every sub-region d' contained 
wholly within d the difference ^(a;, y) — f{x, y) is constant. But this difference 
is continuous in (a;, y) together and hence it follows that it is constant also in 
the sub-region d. If this is so, then F(x, y) — f(x, y) is either a constant or it is 
" streckenweise " discontinuous. (See Schoenfliess : Punktmannigfaltigkeiten, 
p. 166). If L is enumerable, then the above difference is constant, while if L 
has the "Machtigkeit" of the continuum then this difference is "streckenweise" 
discontinuous. This proves the lemma. 

We are now ready to take up our final theorem. 



330 Coar: Functions of Three Real Independent Variables. 

Theorem 3. — If we have 

#»(*, y) = u x (x, y) + u s (x, y) + v^x, y) + + u„(x, y), 

where lim S n (x, y) = S{x, y) for every (x, y) of 

W= CO 

a<x<(3, a<y<b, (A) 

and if S(x, y) is completely defined and is always less in absolute value than 
some finite quantity, and if both the simultaneous integrals / I S n (x, y) dxdy 
and / / S(x, y) dxdy exist, then the sufficient condition that 

liEQ Ja J a S »( X > V) dxd y — Ja Ja S (*> V) dxd ^ 

n = oo 

where / / S(x, y) dxdy is finite, is that the set of points (x' } y') for which we 

cannot assign a circle of radius r > and an integer m, such that for every point 
(x, y) of this circle and for every n >• m, 

|£ n <x, y)\<G (G finite) 

is enumerable. 

In this case we have in the plane l/n = z certain points (x f , y') in whose 
neighborhood S n (x, y) does not have a finite upper limit. About such a point 
as center we can therefore construct a circle of radius r >• 0, and at the same 
time find a plane z = l/m g , such that for every point (x, y) of this circle and for 
every value of p = 1, 2, 3, . . . . , 

\S mg+P {x,y)\>G. (G finite) 

This set of points (xf, y 1 ) must evidently be a closed set, for it is a set for which 
the limit of the oscillation k is greater than some fixed finite number. We have 
now by hypothesis 

£ Ja s ( x > y) dxd y = 6 ( x > y} 

and 

lim Ja J a Sn ( x > y) dxdy — $° ( x > y} • 



n = oo 



Now let (x, y) be some point not belonging to the set (cc', y'). There exists then 
about it a circle of radius r > for which 

\S m . p {x,y)\<G. 
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Consider now the ratios 

$(x + h,y + k) — 6(x + h , y)—$(x,y + k) + d(x,y ) 

hk 
and 

<?>o(a + h, y + k)— $ (x + h, y) — <ft (x, y + k) + <?>o («, y) 

where (cc + A, y + &) is to be a point of the above circle. Choose an arbitrarily 
small A, > ; we can then find a plane % =s l/m w such that for every value of 
2>=1, 2, 3,.... 

4>o (a? + 6, y + &) — <?>o (^ + A, y) — ftp fa y ± JO + »ofa y) _ 

»m„ + f > (a? + ft, y + g — ft, f + p (g + h, y) — 4> mg+p (a;, y + h) + Q ns+P fa y) 

hk + 

- 1<^<1, 

since lim q> m + p (x, y) = <£ {x, y) for every point (x, y). But we have by 
n== oo 

hypothesis 

4>m 8 +P (x+h, y + Jc)—<p ms + P (x + h, y) — ft^ +p (x, y + k) + <p ng+p (x, y) _ 

hk ~~ 

1 J, S{x,y)dxdy + ti% 

where X is independent of a;, y, A, and &. Since now ) #„ fa y) | < 6? at the 
points in question, it follows from theorem 2 that 

1/ttJ, J y S mg+p (x,y)dxdy=l/hkJ x J v S (x, y) dxdy + (i' ^ 

_1<^<1. 
Hence 

<ft (a; + ^ y + &) — <?>o (a; 4- h, y)—<p (x, y + k) + $ (x, y) _ 

hk ~ 



I J y S{x,y)dxdy + Mf-^ + iO, 



f y " \"t if) ™**»y i r -^ 
_$(x + h,y + k) — $(x + h, y) — $(x, y + k) + d(x, y) 



hk 
43 
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which holds for every x, x -f- h, y, and y + h, determined as above. We thus 
obtain two different quotients which are equal to each other at all points of 
region (A), excepting at a closed enumerable set of points, and hence by lemma 
2 they can differ from each other at most by a constant quantity. Hence 

4» (x, y) = 6 (x, y) + constant. 
But 

$o(a, 2/) = 0(«, y) = 
hence 

<Po(x,y) = d(x,y), 

which was to be proved. 

By a proof similar to that just employed, we can show that the theorem 
holds also when we replace the function S n (x f y) by the general function f(x,y,z). 
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